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1 Introduction

Given a graph I' one may ask to which extend it is determined by its local graphs, that is, by
the induced subgraphs on the vertices adjacent to a particular vertex. If all these local graphs
are isomorphic to a single graph A then I' is said to be locally A. A classification of the graphs
which are locally a given graph A is called a local recognition result. The local recognition of
graphs has been studied extensively in the literature, for instance in [BH77|, [HS85]. A partic-
ularly guiding example for the topic of the present article is the local recognition of the Kneser
graphs studied in [Hal80] and [Hal87].

In this paper we are interested in the local recognition of Weyl graphs W (M) which are com-
muting graphs on the reflections of Coxeter groups. Summarizingly, we provide the following
recognition results.

Theorem 1.1. Let I' be a connected graph.

o Ifn>6 and T is locally W(A,,) then T X W(A,+2).

o Ifn>7and T is locally W(A1 U Dy,) then I' 2 W(Dy,42).

o Ifn>4 and I is bichromatic locally homogeneous with As(I') = W(By,41) and Ay(I') =
W(A{ LU B,,) then T2~ W(By42).

e Ifn >4 and T is bichromatic locally homogeneous with Ag(T') =2 W(ATUC,) and
Ay(T) 2 W(Cpy1) then T X W(Chq2).

o [If T islocally W(As) and |T'| =36 then I'~ W(Ej).

o [If T islocally W(Dg) then T 2 W(E7).

o If I' islocally W(E7) and |I'| =120 then I' ¥ W(Ej).

o If I' is bichromatic locally homogeneous with As(I') = W(B3) and Ay(I') = W(C3), and

|| =24 (or one of the conditions of Theorem 5.12) then I' >~ W(Fy) or I' is isomorphic
to a second graph constructed during the proof of Proposition 5.13.

The local recognition of the graphs W(A,) and W(D,,) reduces to the recognition of the
Kneser graphs which was first established in [Hal87]. The graphs W(E,) are locally cotrian-
gular graphs as well, and have as such been studied and locally recognized in [HS85]. The
local recognition of W(B,) and W(C},) is proved in Theorem 4.4. Since the Weyl graph
W(Fy) is not locally recognizable, compare Corollary 5.6, we study bichromatic graphs which
are locally like W(Fy) and in the sequel obtain several characterizations of W(Fy), summa-
rized in Theorem 5.12, as one of two tightest bichromatic graphs which are locally like W(Fy).
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In the last section we turn to group theoretical applications of local recognition results for
Weyl graphs. The paradigmatic and guiding result, exemplified in [GLS94, Theorem 27.1], is
the characterization of the symmetric groups by means of the structure of its transposition
centralizers. We give the following similar characterization, proved in Theorem 6.6, for the
Coxeter group of type Fy in terms of its reflection centralizers.

Theorem 1.2. Let G be a group with nonconjugate involutions x,y such that
o Cg(x)=(x)xJ with JXW(Bs),
o Ca(y)=(y) x K with K~W(C3),
o 1 (respectively y) is a short (respectively long) root reflection in K (respectively J),

e J N K contains involutions x1, y1 such that x1 (respectively y1) is a short (respectively
long) root reflection in K as well as in J, and

e there are a long root reflection yo# y, y1 in J and a short root reflection xo+ x, x1 in K
such that xo and yo commute.

IfG=(J,K) then G=W(Fy).

The interest in such group theoretic local recognition results stems from the classification of
finite simple groups, outlined in [GLS94|, and the fact that the majority of finite simple
groups arises from (possibly twisted) Chevalley groups. These can be defined, due to the
Curtis-Tits theorem in a version described in [Gra08, 4.1.3], similar to Coxeter groups as
groups generated by SL(2, ¢) subgroups subject to certain relations, see [Pha70], [Hum72],
[Tim04] and [Dun05]. Local recognition results for instance for Chevalley groups of type A,
n > 8, based on graph theoretical results have been studied in [Gra02|, [Gra04]. Recently, see
[Gra08], the first author and Kristina Altmann proved a local recognition result for Chevalley
groups of type A7 and Fg based on results and techniques of [Alt07] and making use of the
local recognition of graphs that are locally W(As). We hope that our analysis can help to
approach a similar recognition result for Chevalley groups of type Fj. For more details we
refer to the thesis [Str08] of the third author.

In section 2 we start with discussing the local recognition of graphs in general and review
some known recognition results. Reflection graphs of Coxeter groups are introduced in section
3 and locally recognized in section 4 while the case Fj is seperately studied in section 5.
Finally, we close with group theoretic applications in section 6.

2 Local recognition of graphs

All graphs considered in this text are simple and undirected. We use L to denote adjacency,
and our notation for operations on graphs like the cartesian product or joins follows [Har94].
Let T be a graph. We write 2 to denote the set of neighbors of x, that is, the set of vertices
adjacent to z. The induced subgraph on z' is called the local graph at x, and T is said to be
locally homogeneous if all its local graphs are isomorphic to some graph A. In this case, I' is
said to be locally A, and A is referred to as the local graph of I'. If I is locally homogeneous
then we denote its local graph by A(T).
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Remark 2.1. In literature, some authors refer to the local graph at a vertex x as the link of
x. Accordingly, locally homogeneous graphs are also referred to as graphs with constant link.
This terminology stems from the fact that when considering a graph as a simplicial complex
the notion of the local graph at a vertex coincides with the already existing notion of the link
of a vertex.

Remark 2.2. Which graphs occur as local graphs? This question was posed by Alexander A.
Zykov in |Zyk64| and is commonly, compare [Bug90|, referred to as the Trahtenbrot-Zykov
problem. An introduction to this problem can be found for instance in the first part of [BC75].
A comprehensive resource for techniques for proving whether a graph is a local graph is
[Hal85]. Moreover, [Hal85] describes the graphs of order up to 6 that are local graphs.

If I'y is locally Ay, and I's is locally As then the cartesian product I'y x I'y is locally the dis-
joint union A LI Ao. This easy observation shows that the class of all local graphs is closed
under disjoint unions. In [Bul73] it is shown that there is no algorithm to decide which graphs
are local graphs when infinite graphs are allowed. When restricting to finite graphs this ques-
tion is still open as is noted in [Bug90|. To illustrate that it makes a difference to permit
infinite graphs we refer to [Hal85, 4.16] where it is proved that there is no finite graph I" that
is locally K1 30U K while infinite graphs are constructed which are locally K; 3U Ko.

Here, we will be interested in the problem of characterizing a locally homogeneous graph in
terms of its local graph. Notice that a graph I' is locally A if and only if all its connected
components are locally A. Accordingly, we usually restrict the discussion to connected graphs,
and we say that a connected locally homogeneous graph I' is locally recognizable if up to iso-
morphism I' is the only connected graph that is locally A(I"). In case A is another locally
homogeneous graph such that A(A) > A(T") we say that A is locally like T.

Example 2.3. One easily verifies that a connected graph I' is locally K,,_1 if and only if I' &
K,,. Hence the complete graphs K, are locally recognizable. The circuit graphs C),, on the
other hand, are not locally recognizable as they all are locally Ko provided that n > 4.

Remark 2.4. If a graph I' is transitive then I' is locally homogeneous. Not surprisingly, the
converse is not true. The smallest graphs which are locally homogeneous but not transitive
have 10 vertices, and up to isomorphism there are exactly three such graphs, depicted below.
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These graphs and further information can be found in [Hal85].

./°
,/
\

/N
AVE 4

One easily verifies that the Kneser graph K(n, k) is locally homogeneous with local graph
K(n — k, k). The second author proves in [Hal87] that for n sufficiently large compared to k
the Kneser graphs are locally recognizable, and classifies in [Hal80] the three connected graphs
which are locally the Petersen graph K (5, 2). Finally, the classification of graphs that are
locally K (6,2) is contained in [HS85].
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Theorem 2.5. ([Hal87], [Hal80], [HS85]) Let k > 1, and T be a connected graph that is
locally K (n, k).

o [fn=23k+1thenTEXK(n+k,k).

o If (n, k)= (5,2) then T is isomorphic to one of the graphs K(7,2), 3 - K(7, 2), or
Y Ls 95. In particular, |I'| € {21,63,65}.

o If (n,k)=(6,2) then I is isomorphic to one of the graphs K(8,2), Spa(6) minus {x}U
zt for some x, or NSp~(6). In particular, |T'| € {28,32,36}. O

Here, the graph 3- K (7,2) is the 3-fold cover of K(7,2), and ¥ L3 25 is the graph on the conju-
gates of the unique nontrivial field automorphism of g5 in the special semilinear group XL (2,
25) with two elements adjacent whenever they commute. More details can be found in [Hal80].
Further, the graph Sp2(2n) is the graph on the nonzero vectors of V = F3" with two vectors
adjacent whenever they are perpendicular with respect to a nondegenerate symplectic form B
on V. Up to isomorphism there are only two quadratic forms Q* and @, corresponding to
maximal or minimal Witt index, on V that B is associated to, and the graph NSp°(2n) is the
induced subgraph of Spa(2n) on the vectors that are nonsingular under Q°. For more details
about these graphs and symplectic forms over V' we refer to [HS85].

The second author and Ernest E. Shult actually prove a lot more in [HS85]. They characterize
the graphs that are locally cotriangular in the following sense. A graph is said to be cotrian-
gular if every pair x, y of nonadjacent vertices is contained in a cotriangle, that is, a 3-coclique
{z,y, z} such that every other vertex is adjacent to either all or exactly one of the vertices x,
y, 2. Observe that a join I'4+ A is cotriangular if and only if both I' and A are. Denote with I'*
the reduced graph of T', that is the graph on the equivalence classes of vertices of I' with the
same closed neighborhood and two classes adjacent whenever some representatives are adja-
cent. Then I' is cotriangular if and only if I'* is. A graph I' is called completely reduced in
this context whenever I'* =1T" and I' can not be decomposed into I'1 + I'y with nonempty I'y,
T'o. A classification of all cotriangular graphs is given by the following theorem.

Theorem 2.6. (JHS85, Cotriangle Theorem]) A finite completely reduced graph is cotri-
angular if and only if it is isomorphic to one of the graphs

K(n,2), n>2; 8pa(2n), n>2; NSp(2n), e=+1, n>3. O

The graphs K(2,2)~ K; and K(3,2) 2 K3 are considered degenerate. Let D denote the set of
graphs I' such that I'* is a finite completely reduced cotriangular graph. If G is a collection of
graphs then we say that a graph I' is locally G if for each z € I" the local graph at = is isomor-
phic to some graph of G.

Theorem 2.7. ([HS85, Main Theorem]) Let I' be connected and locally D. Then either T’
is locally {K1, K3} or T is isomorphic to one of the following graphs

o K(n,2) wheren>=7,

o Spa(2n) possibly with a polar subspace deleted,

o H5u(T), Gon,

o 3-K(7,2), SLass5, or N (3). O
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The graphs H5,(T), G5, are derived from the graph Sp2(2n). For a precise definition and
description of these graphs as well as Ny (3) we refer to [HS85]. Note that the case k = 2 of
Theorem 2.5 as well as Theorem 2.5 and Theorem 2.5 can be regarded as special cases of the
classification in Theorem 2.7. Likewise, the following result which can also be found in [BH77]
can be obtained from Theorem 2.7.

Theorem 2.8. ([HS85, Theorem 5]) Let I' be connected and locally Spa(2n) for some n >
2. Then T is isomorphic to one of the following graphs NSp*(2n + 2), NSp~(2n + 2), or
Sp2(2n +2) minus {x}Uaxt for some x. O

3 Reflection graphs on Coxeter groups

We assume that the reader is familiar with Coxeter groups and root systems. A warmly rec-
ommended introduction is [Hum92| or the classical [Bou02]. The commuting graph of a group
G on X C (G is the graph with vertices X in which two vertices g, h € X are adjacent whenever
g and h commute. We will study the commuting graphs of finite Coxeter groups on their
reflections. Since we are interested in local recognition results we will focus on finite irre-
ducible Coxeter groups for which the reflection graph is locally homogeneous. The cases Hj,
H, and I3(m) are not interesting for the purpose of local recognition, compare [Str08], so we
may further restrict to Coxeter groups which arise from crystallographic root systems. These
are classified in the following well-known theorem, see for instance [Hum92| or [Bou02].

Theorem 3.1. An irreducible root system is crystallographic if and only if its Dynkin diagram
is isomorphic to one of the diagrams A, forn>1, B, forn>2, C, forn>2, D, forn >4,
Eg, E7, Eg, Fy, or Gy which are depicted below (the subindex corresponding to the number of
vertices, and arrows pointing towards short roots).

An ° ° o—— ... —e@ °
B, o . L e
Cn ° ® o— .. ——0—=—@
°
Dn [ ° o— .- —o/
\.
°
E6 ° ° l ° °
°
E7 e—o—0—0—0—0
°
E8 o—o—l—o—o—o—.
F4 [ —— °
Gy e==—¢
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Let ® be a crystallographic root system with Dynkin diagram M. Note that upon decom-
posing ® into irreducible root systems as classified in Theorem 3.1 each root of ¢ can be con-
sidered either short or long (with the agreement that in the absense of two distinct root length
every root is long). We denote with W (M) the Weyl group of @, i.e. the group generated by
the reflections through the roots of ®, together with the notion of a short (respectively long)
root reflection by W(M). The Weyl graph W (M) is the commuting graph of W (M) on its
reflections. Assume that M is connected. If M is simply laced then all reflections in W (M)
are conjugate, see for instance [Hum92| or [Bou02]. The Weyl graph W(M) is therefore locally
homogeneous. On the other hand, if M is not simply laced then there are two conjugacy
classes of reflections in W (M), namely short and long root reflections, and we regard W(M)
as a bichromatic graph. Instead of assigning arbitrary colors we accordingly refer to the ver-
tices of W(M) corresponding to short (respectively long) root reflections as short (respectively
long) vertices. If we naturally extend the notion of being locally homogeneous to bichromatic
graphs, see section 4, the Weyl graph W (M) is locally homogeneous again.

Remark 3.2. The (long) local graph of a Weyl graph W(AM) can be obtained in a somewhat
surprising way as follows. Given a connected Dynkin diagram M consider the corresponding
affine diagram, which is just M together with the highest root added, and delete the highest
root together with all its neighbors. Then the (long) local graph of W(AM) is the Weyl graph
corresponding to this diagram, cf. [Hum92, 2.11] and [Str08, 1.83]. A general way to find the
centralizer subgroups of reflections in arbitrary Coxeter groups is established in [Bri96].

Notice that the reflections through roots a and 8 commute if and only if the roots @ and (3
are orthogonal. Accordingly, the Weyl graph W(M) can be constructed as the graph on the
roots of ®, with roots @ and — « identified for each a € ®, such that two roots are adjacent
whenever they are orthogonal. In order to describe the graphs W(M), we therefore provide
constructions for the irreducible crystallographic root systems classified in Theorem 3.1. These
descriptions are based on [Hum92, 2.10] and [Bou02|. Throughout, let ¢1, €9, ..., &, denote the
standard basis of R™, and L,, the standard lattice Ze1 + Zeo+ ... + Z ey,

Example 3.3. Let ®(A,) be the vectors of squared length 2 in the standard lattice L,
which are orthogonal to £; 4+ &2 + ... + £,,41 so that ®(A,,) consists of the n(n + 1) roots &; —
g5, 1<i# j<n+1. The Weyl group W (A,) generated by the root system ®(A4,,) is the sym-
metric group Sym,, ;1 which faithfully acts on R”*! by permuting the basis vectors 1, €2, ...,
en+1. For i < j denote with y; ; the reflection through =+ (g; — ;). W(A,) is the graph with
vertices y; j, 1 <i < j <n+1, such that y; ; L yx; if and only if {i, j} N {k, 1} = (. Conse-
quently, the Weyl graph W(A4,,) is isomorphic to the Kneser graph K(n + 1, 2). In particular,
W(A,,) is connected if and only if n > 4.

Example 3.4. Let n > 2, and let ®(B,,) be the vectors of squared length 1 or 2 in the stan-
dard lattice L,. Accordingly, ®(B,) consists of the 2n short roots =+ ¢;, 1 < i < n, and the
2n(n — 1) long roots £ ¢; £¢j, 1 <i# j <n. The Weyl group W (B,,) generated by ®(B,) is
the signed permutation group (Z/2)"™ x Sym, which acts faithfully on IR™ by changing the
signs of and permuting the basis vectors €1, €9, ..., €,. Denote with y; ; the reflection through
+ ¢;. Further, for i < j, denote with y; ; the reflection through =+ (g; — ¢;) and with y; ; the
reflection through =+ (& + €;). Accordingly, we see that W(B),) is the bichromatic graph with
vertices y; j, 1 <1, j <n, where the y; ; are short and the y; ; with i # j are long vertices, and
Yij L yk, if and only if {7, j}N{k,1} =0 or (k,1)=(j,%). In particular, W(B,,) is connected if
and only if n > 3.
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Example 3.5. ®(C,) is the dual root system of ®(B,) which is obtained by switching the
role of short and long roots. ®(C),) consists of the 2n(n — 1) short roots £e&;+¢;, 1 <i# j<
n, and the 2n long roots +2¢;, 1 <i< n. Clearly, the Weyl group W (C,,) as well as the Weyl
graph W(C),) is obtained from W (B,,) respectively W(B,,) by exchanging short and long root
reflections respectively vertices.

Example 3.6. Let ®(D,,) be the vectors of squared length 2 in the standard lattice L,,. Con-
sequently, ®(By,) consists of the 2n(n — 1) roots =+ ¢; & ¢;, 1 < i # j < n. Observe that
®(Dy) C ®(By,). For i < j, as in Example 3.4, denote with y; ; the reflection through =+ (g; —
€;5), and with y; ; the reflection through =+ (¢; + ¢;). Accordingly, W(D,,) is the graph with
vertices y; j, 1 <1, j <n, such that y; j L yx if and only if {7, j} N{k, I} =0 or (k,1)=(j,1).
W(D,,) is therefore isomorphic to the composition graph K(n, 2)[K3], that is, the graph
arising from the Kneser graph K (n,2) by replacing each vertex by an adjacent pair of vertices.
In particular, W(D,,) is connected if and only if n > 5. Further, the reduced graph W(D,,)* is
isomorphic to K (n,2) provided that n > 5.

Example 3.7. We omit the descriptions of the root systems of type Eg, E7 and Eg for which
we refer to [Hum92, 2.10], [Bou02] or [Str08|. It is well-known and, for example, verified in
[Str08] that

. W(E) NSy (6),

o W(E7) X Spy6),

o W(E3) §N3p+(8).

Example 3.8. Let ®(F}) consist of the vectors of squared length 1 or 2 in L, + Z (g1 + €2 +
€3+ €4)/2. ®(Fy) then contains the 8 + 16 = 24 short roots +¢;, 1 <i<4, and (+e; tea+
ezt e4)/2 as well as the 24 long roots +¢e;+¢;, 1 <i# j<4. We will discuss the Weyl graph
W(Fy) in detail in section 5.

Example 3.9. Let ®(G2) be the vectors of squared length 2 or 6 in the standard lattice Lg
which are orthogonal to e1 4 €2 + €3. Consequently, ®(G2) consists of the 6 short roots ¢; — ¢},
1 <i+# j<3, and the 6 long roots =+ (2¢; —¢; — i), {4, 4, k}={1,2,3}. Notice that each root
of ®(G>) is orthogonal to exactly one other root, and that two such orthogonal roots are of
different type. The Weyl graph W(G3) is thus isomorphic to three disjoint edges of mixed

type.

4 Local recognition of Weyl graphs

In the case that M is a simply laced connected Dynkin diagram the Weyl graphs W(M) are
locally cotriangular graphs which have been studied and locally recognized in [HS85] as was
presented in section 2.

Theorem 4.1. Let n>6. A connected graph T is locally W(A,) if and only if T =2 W(A,+2).

Proof. By Example 3.3, W(A,,) is isomorphic to the Kneser graph K (n + 1, 2). Accordingly,
Theorem 2.5 applies. U

Theorem 4.2. Let n > 7. A connected graph T is locally W(A; U D,,) if and only if T &
W(Dp+2).
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Proof. Exploiting the assumed local structure, we see that the vertices of I' come in pairs.
Namely, for each vertex x there exists a unique vertex x’ such that the closed neighborhoods
of z and 2’ agree. Therefore I' & I'*[K5]. With Example 3.6 in mind, the reduced graph I'* is
seen to be connected and locally W(A,,_1). By Theorem 4.1, I'* & W(A,+1), and the claim
follows. O

Theorem 4.3. Let I' be a connected graph.
o If I islocally W(As) and |I'| =36 then I' X W(Ej).
o If I islocally W(Dg) then ' X W(E7).
o If I' islocally W(E7) and |I'| =120 then I' ¥ W(Ej).

Proof. According to Theorem 2.5 there are three connected graphs that are locally W(As).
Among these, NSp~(6) is the only graph with 36 vertices. The claim therefore follows from
the isomorphism W(FEg) 2 NSp~(6) stated in Example 3.7. For the second claim, recall from
Example 3.6 that W(Dg)* = K (6, 2). Hence Theorem 2.7 applies, and we can use W(E7) &
Spo(6). Likewise, since W(FEg) =2 NSp™(8) the third claim follows from Theorem 2.8. O

Let M be a connected Dynkin diagram, as classified in Theorem 3.1, which is not simply
laced. Recall that this means that the root system ®(M) contains roots of two lengths, so
that, consequently, the Weyl graph W(M) is bichromatic. For a graph I" we denote with I'*
(respectively T'Y) the bichromatic graph obtained from I' by considering all vertices as short
(respectively long). In the sequel we are interested in local recognition results for the Weyl
graphs W(B,,), W(C},) and W(F}). Extending our previous terminology we say that a bichro-
matic graph is locally homogeneous if the local graphs at short vertices are all isomorphic to
some bichromatic graph Ag and if the local graphs at long vertices are all isomorphic to some
bichromatic graph A,. In this case we say that Ay is the short local graph of I' and that Ay is
the long local graph of I'. If T is a bichromatic locally homogeneous graph then we denote its
short local graph by Ag4(I') and its long local graph by A,(T'). If A is another bichromatic
locally homogeneous graph such that Ag(A) & A4 (T) as well as Ay(A) & Ay(T") then we say

that A is locally like T'. Finally, for any graph I' and X CT" we set X1 = MNaex xt.

Theorem 4.4. Let n > 4, and let T' be a connected bichromatic locally homogeneous graph
with Ag(T) = W(B,41) and Ay(T) = W(A{UB,). Then T~ W (B, 2).

Proof. Let X be a short component of I' and = € X a short vertex. The short induced sub-

L is a clique on n + 1 elements which implies that X is a clique on n + 2 elements.

graph on x
By assumption, the long neighbors of x induce a subgraph isomorphic to the long induced
subgraph of W(B,,11). This subgraph is isomorphic to W(D,+1) and, in particular, is con-
nected for n > 4, see Example 3.6. This implies that all long neighbors of = are contained in a
single long component Y of I'. Consider a short vertex x; € X adjacent to z. Again, all long
neighbors of x1 lie in one long component of T'. But looking at {x, 21} C z* we see that x
and x1 share long neighbors whence this component has to be Y as well. Since X is connected
this shows that all long vertices adjacent to some vertex of X are contained in Y. Likewise,
let y € Y. The short induced subgraph of y=* is a clique on n vertices and thus in particular
connected. Again, we see that for a long vertex y; adjacent to y the common neighbors {y,
y1}* contain a short vertex. Therefore the same argument as before shows that all short ver-
tices adjacent to some vertex of Y are contained in X. Since I' is connected this proves that
X and Y are the only short respectively long components of IT'.
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We count the number of long vertices by counting the long neighbors of the n + 2 short ver-
tices of I'. By assumption, a short vertex has (n + 1)n long neighbors. Further, two short ver-
tices have n(n — 1) long neighbors in common, three short vertices have (n — 1)(n — 2) long
neighbors in common, and so on. Thus there are

(n—li_z)(nqu)n— (n;—Q)n(n— Dt oot (= 1)n+1(”;§2)2: (n+2)(n+1)
long vertices in I'. Note that for the above equation we exploited that the alternating sum of

the binomial coefficients equals zero, that is, °p_ (—1)" (Z) =0.

Let x1, x9, ..., Tpt2 be the short vertices of T'. T' is locally W(By,+1) at short vertices which
implies that for 1 <i+# j <n + 2 the common neighborhood {z,: 7 ¢ {i, j}}* contains exactly
two long vertices which we denote by y; ; and y; ;. Since a long vertex is adjacent to exactly n
short vertices the y; ;j thus defined are all distinct. By construction, y; ; L y; ;. Further, the
vi,j exhaust Y because I' contains exactly (n + 2)(n + 1) long vertices. Given two vertices y; ;
and yi, we find m € {1, 2, ..., n + 2}\{¢, j, k, [} whence y; ; and yi; are both contained in
zh =~ W(Bpi1). Y;,; is characterized in ;5 as one of the two long vertices contained in {,:
r¢ {i,j,m}}*. Likewise, yi; is characterized in ;5 as one of the two long vertices contained
in {z,: r¢ {k,l,m}}*+. Consequently, for {i, j} # {k,1}, vi ; L yk, if and only if {i, j} N {k,
[} =0. By Example 3.4, ' 2 W(B),+2). O

Corollary 4.5. Let n > 4, and let ' be a connected bichromatic locally homogeneous graph
with As(I) X W(ATUCy) and Ay(T) 2 W(Chry1). Then I'XW(Chq2). O

5 Local recognition of W (Fy)

5.1 Graphs locally like W (Fy)

Consider the Weyl graph W(F},). Exploiting the description of the crystallographic root
system ®(Fy) given in Example 3.8 we find that W(Fy) is a connected bichromatic locally
homogeneous graph on 24 vertices with short local graph W(Bs3) and long local graph W(C3).
Depicting long vertices as filled dots and short vertices as unfilled dots we use the description
given in Example 3.4 to draw the local graphs of W(Fy) as

Q——oO
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We will shortly see that W(Fy) is not locally recognizable. Before we turn to investigating
additional constraints under which we seek to recognize W(F;) nonetheless, we study con-
nected bichromatic graphs I' which are locally like W(F}y). That is, we study locally homoge-
neous bichromatic graphs such that A4(I') & W(B3) and Ay(I') & W(C3). The results we
obtain then guide our way in determining appropriate conditions under which we will be

(almost) able to recognize W(F}y). An easy but crucial observation to start with is the fol-
lowing.
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Proposition 5.1. Let T be locally like W(Fy). The short (respectively long) induced subgraph
of T is isomorphic to a disjoint union of 4-cliques. O

Let I' be a bichromatic graph that is locally like W(Fy). Observe that the graph obtained
from I" by exchanging the roles of short and long vertices is locally like W(F}y) as well. Results
that we obtain for short vertices of graphs locally like W(Fy) are therefore also true for long
vertices.

Paraphrasing Proposition 5.1, the vertices of I' come in 4-cliques of the same type. In order to
simplify things it is natural to collapse these 4-cliques into single vertices.

Definition 5.2. Let A be a graph and I1 a partition of its vertices. The contraction A/II is
the graph on 11 such that two sets A, B € Il are adjacent whenever there is a € A and b € B
which are adjacent in A. If A is bichromatic then 11 is required to partition into sets of short
and long vertices and A/II is a bichromatic graph in the natural way.

In this language, we thus investigate the collapsed graph I'/II where II is the partition of T’
into short and long 4-cliques. To this end, we analyze how these 4-cliques relate to each other.

Proposition 5.3. Let T be locally like W(Fy), and x1,x2, x3, x4 a short 4-clique in T'. Let i+
jand k+1.

o {um, asj}L is locally K35U K%. In particular, for any pair x;, x; there exist unique long
vertices yi, j, Yj,i contained in {xi,xj}L.

o {x;,xj, au'k}l contains no long vertex if i, j, k are distinct. In particular, the vertices y; ;
are all distinct.

e There are exactly 12 long vertices adjacent to at least one of the x;, namely the above
vertices i, j.

o i Ly implies that {k,1}={t,j} or {k,1}N{i,j}=0.

Proof. Exploiting the local structure at x; we see that every short adjacent pair x;, x; has
exactly two long neighbors in common which we will (arbitrarily) denote by y; ; and y; ;.
Accordingly, v; ; L y;:. Looking at the neighbors of a vertex y; ; reveals that x; and x; are
the only short vertices among x1, 2, 3, x4 which are adjacent to y; j. Consequently, the y; ;
are 12 distinct vertices. Since three adjacent short vertices share no long neighbors we count

(-2

long vertices are neighbored to at least one of the vertices x1, x9, x3, x4. Consequently, the long
neighbors of the x; are precisely the vertices y; ;. For the last claim, assume that y; ; L yi;
and {k,l}N{i,j}={io}. A look at the neighbors of x;, shows that this is a contradiction. O

that exactly

Proposition 5.4. Let T' be locally like W(Fy), and let 11 be the partition of T' into short and
long 4-cliques. The contraction T'/I1 has short local graphs each isomorphic to one of {K_nez
n€{3,4,5,6}} and long local graphs each isomorphic to one of {K, *n€{3,4,5,6}}.
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Proof. Let X € I'/II be a short vertex. By Proposition 5.1, the local graph at X is isomor-
phic to K, * for some n. Since the long induced subgraph of the local graph at a short vertex
in T is isomorphic to 3 - K% we see that n > 3. On the other hand, X = {1, 2, 23, 24} is a 4-
clique of I' and according to Proposition 5.3 there are 12 long vertices y; ; at distance 1 from
X inI'. Since y; j and y; ; are adjacent in I' they are identified in I'/II which shows n<6. O

We now do the reverse. Starting with a potential collapse of a graph I' that is locally like
W(Fy) we try to reconstruct I'. Since different I' can have isomorphic collapses this recon-
struction necessarily is not unique.

Lemma 5.5. For every connected bipartite graph A that is locally K¢ there is a connected
bichromatic graph T" that is locally like \W(Fy) such that T'/T1 = A where 11 is the partition of
T" into short and long 4-cliques.

Proof. Let A be a bipartite graph that is locally Kg. Exploiting that A is 2-colorable, we may
identify A with a bichromatic graph such that no two vertices of the same type are adjacent.
Accordingly, A is locally homogeneous with A (A) =~ K¢ and Ay(A) = Kg®. For any vertex
of A choose a bijection

zt— (;1) y—a(z,y)

between its six neighbors and the six 2-subsets of {1, 2,3,4}. To every directed edge (z, y) we
thus assigned the 2-subset a(z, y) of {1, 2, 3,4}. Construct the bichromatic graph I" from A as
follows. For every vertex x € A add a 4-clique x1, 2, 3, £4 of the same type as x to I'. Then,
for z, y € A let x; and y; be adjacent in I' if and only if 2 and y are adjacent in A and (i, j) €
a(z, y) X a(y, z). By construction, contracting the 4-cliques of I produces A. It is straightfor-
ward, and carried out in [Str08, 2.34], to check that I" is locally like W(Fy). O

The construction in Lemma 5.5 is easily adapted to work for graphs A that are locally K3, see
[Str08, 2.35].

Corollary 5.6. There exist infinitely many finite connected bichromatic graphs that are locally
like W(Fy).

Proof. We claim that there are infinitely many finite connected bipartite graphs A that are
locally Kg. To this end, note that the graphs Cj x C,, x C,, are connected and locally Kg for
k, m,n > 4, cf. Remark 2.2. Since cycles (), are 2-colorable whenever n is even, the graphs
Cr x C,, x Cp, are 2-colorable and hence bipartite whenever k, m, n are all even. The claim
follows from Lemma 5.5. O

5.2 Recognition results

We now study further properties of the Weyl graph W(Fy) in order to characterize W(F})
among the connected bichromatic graphs that are locally like W(F}). For more details we
refer to the thesis [StrO8| of the third author. We start with some easy observations.

Proposition 5.7. Let T' be a finite bichromatic graph that is locally like W(Fy). Then the
numbers of short and long vertices in I' are the same. O
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Corollary 5.8. Let T' be a finite bichromatic graph that is locally like \W(Fy). Then |T'| is
divisible by 8 and |I"| > 24. O

Since |W(Fy)| = 24 we see that, in a sense, W(Fy) is maximally tight among the graphs that
are locally like W(Fy). There are several further properties of a graph, for instance its diam-
eter, that describe its tightness. The following notion of tight connectedness is another way to
express tightness of a bichromatic graph.

Definition 5.9. A bichromatic graph is said to be tightly connected if every long vertex has a
neighbor in every short component and vice versa.

These three notions of tightness, however, are not local in nature (where a local property is
meant to be one which can be expressed in terms of the neighbors of each vertex), and in
order to find a more local notion to describe the tightness of W(F}) we investigate the relation
of vertices at distance 2.

Proposition 5.10. Let I' be locally like W(Fy), and let z,y €T be at distance 2.

o Ifx,y are both short (respectively long) vertices then {x,y}*= u(x,y)- K{ (respectively
K7) for some p(x,y)€{1,2,3}.

o Ifx,y are of mized type then {z, y}* = ps(x, y) - K5U pe(x, y) - K5 for some ps(x, y),
:U’Z('Ta y) € {Oa 1}

Proof. First, let x, y be two short vertices at distance 2. Since short vertices come in 4-
cliques the common neighbors {x, y}* of x, y can only contain long vertices. The structure of
the local graph at such a long vertex z implies that {x,y, z}* is empty. Accordingly, {z, y}+
is a coclique on long vertices. Set u(z, y) = |{z, y}*|. Looking at =, we find that u(z, y) €
{1,2,3}.

Likewise, let x be a short and y a long vertex at distance 2. Let z € {z, y}* be a, say, short
vertex. By looking at the neighbors of z we see that {z, y, z}* contains exactly one more
short vertex. Hence, {x, y}* is a disjoint sum jus(z, y) - K5 U pe(x, y) - K5 of pairs of short ver-
tices and pairs of long vertices for some ps(x, 3), pe(z, y). Looking at 2t and y*, we further
see that us(z,y), pe(z,y) €{0,1}. O

For the Weyl graph W(F}) the parameters p, ps, u¢ defined in Proposition 5.10 are constant
and take the maximum possible values ¢ = 3 and ps = p¢ = 1 which is another, more local,
instantiation of the tightness of W(F}). The following fact relates the parameters ps and g of
I" to the local structure of the contraction I'/II studied in Proposition 5.4.

Proposition 5.11. Let T' be locally like W(Fy), and let 11 be the partition of T' into 4-
cliques.

o us= =1 1if and only if the contraction T'/II is locally homogeneous with AT /IT) =
K3 and Ay(T/T) 2 K3,

o s+ pe=1if and only if the contraction T'/II is locally homogeneous with AT /IT) =
K" and A(T/11) = Kg®.
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Proof. Suppose that pus= pue=1. Let X = {x1, x9, x3, x4} be a short vertex of I'/II. Adopting
the notation of Proposition 5.3, let ¥; ; and y; ; be the long vertices adjacent to both x; and
xj. Let i ¢ {k,l} so that z; and y; are at distance 2, and let j be the index such that {i, j, k,
I} ={1,2,3,4}. Since pe(x;, yr,1) =1, there are two long vertices adjacent to both x; and y .
According to Proposition 5.3 the only possibilities are y; ; and y; ;. Therefore {v; j, y;i, Yr,i,
Y.k} is a long vertex of I'/II and Proposition 5.3 implies that the local graph at X is isomor-
phic to K3°. Analogously for long local graphs.

On the other hand, assume that I'/II is locally homogeneous with A4 (I'/IT) = K3° and Ay(T/
1) = K3°. Let = be a short and y be a long vertex of I' which are at distance 2. Observe that
x and y are contained in adjacent equivalence classes of I'/Il. Let X = {z1, x9, x3, x4} be the
short vertex of I'/IT where x = z; for some i. By assumption, X is adjacent in I'/II to exactly
three long vertices which by Proposition 5.3 are of the form {v; j, ¥ji, Yk, vk} for {i, j, k,
1}={1,2,3,4}. y therefore equals yj ; for some {k,l} . Choose j as above. Then

{$, y}L: {xia yk,l}L: {-T]g,l’l, Yi,j, yj,i}>

and therefore ug(z,y) = pu(z,y)=1.

The second equivalence is proved similarly. O

The following theorem summarizes our recognition results for the Weyl graph W(F}y). Note
that all of the provided conditions under which a graph I' is almost recognized as W(F}) are
statements which describe the tightness of I'. We denote with I'94; the graph on 24 vertices
constructed in course of the proof of Proposition 5.13.

Theorem 5.12. Let T’ be a connected bichromatic graph that is locally like W(Fy). Assume
that

o |['|=24, or

o I is tightly connected, or
e I has diameter 2, or

o u=3.

If one of these conditions holds then I is isomorphic to W(Fy) or to T'asp. In particular,
Aut(I') X W (Fy)/Z where Z denotes the center of W (Fy).

We prove Theorem 5.12 by a series of propositions.

Proposition 5.13. Let T' be a connected bichromatic graph that is locally like W(Fy). If
|T'| =24 then T @ W(Fy) or I' 2Tay,. Further, Aut(I') X W (Fy)/Z.

Proof. As observed in Corollary 5.8, every graph that is locally like W(F})) has at least 12
short and 12 long vertices. I' therefore consists of exactly 12 vertices of each type.

Let 21, 2, 23, x4 be a short 4-clique. Adopting the notation of Proposition 5.3, let y; ; and y; ;
be the long vertices adjacent to both x; and x;. The y; ; are 12 distinct vertices and therefore
constitute the long vertices of I'. It follows from Proposition 5.3 that the three long 4-cliques
are given by yi j, Yj.i, Yk,1, Ui,k for disjoint {7, j} and {k,[}.
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Each of the remaining eight short vertices has exactly two long neighbors in each of the three
long 4-cliques. Let x5 be one of remaining short vertices. The two neighbors of z5 in a 4-
clique ¥; j, Yji» Yk,i» Y1,k are one of y; ;, y;; along with one of y;, y1x. We ambiguously
defined the vertices v; j, yj; as the long vertices contained in {z;, xj}J- so we may as well
assume that x5 is adjacent to y; ; and y,; with ¢ < j and k < [. Let z¢ be the unique short
vertex also adjacent to y1 2, y3.4. Likewise, let x7 be the short vertex also adjacent to y1 3, Y24,
and xg the short vertex also adjacent to 1 4, y2,3. By construction, x5, xs, x7, 8 is a 4-clique.
Notice that for instance x5, x¢ € {y1.2, ¥3.4}~ implies that z7, zs € {y2.1, ya3}*. Altogether this
determines the induced subgraph on w1, x9, ..., g along with the vertices y; ;.

Let xg, x19, 11, 12 be the remaining short 4-clique. We may assume that xg, x19 are the short
vertices contained in {yi o, y473}l. Accordingly, z11, 12 € {921, y3,4}L. We may also assume
that xg is contained in {y; 3, y42}* (because if both xg and z19 were not contained in {y; 3,
y472}l then both z11, x12 € {y1,3, @/472}l which contradicts z11, 12 € {y2.1, y374}l). Further, we
may assume that x1; is the second short vertex contained in {y 3, y4,2}L. Consider the two
short vertices in {y 4, y372}l. These can be either xg, 15 or z19, 11, and either choice deter-
mines I'. Denote with I'94, the graph corresponding to the choice xg, 12 € {y1,4, y372}l7 and
with T'gyp the graph corresponding to the choice x19, z11 € {y1,4, y372}l. The following table
summarizes adjacency involving the vertices xg, x19, 11, 12-

by construction xg9,x10 L y1,2, y4,3 T11,%12 L Y2,1, Y34

9, 711 L ¥1,3, Y42 T10,T12 L Y31, Y24
44 9, T12 L Y14, Y32 %10, 711 L Ya,1, Y2,3
| YT 9, T12 L Y41, Y2,3 T10, T11 L Y1,4, ¥3,2

An implementation in the computer algebra system SAGE, see [SAGO7], of the graphs T'a4,
and T'a4 can be found in the appendix of [StrO8]. In particular, it is verified that I's4, and
I'a4p are nonisomorphic, that the automorphism group of both graphs is isomorphic to W (Fy)/
Z, and that I'yy, is isomorphic to W(Fy). O

Proposition 5.14. Let ' be a connected bichromatic graph that is locally like W(Fy). If T is
tightly connected then T' >~ W(Fy) or T' X Ty

Proof. Fix a short 4-clique x1, x2, 3, £4. Because of tightness every long vertex is adjacent to
one of the x;, and by Proposition 5.3 there are exactly 12 such long vertices. Thus I' consists
of 12 long vertices. Likewise, I' contains exactly 12 short vertices. Hence, |I'| = 24, and the
claim follows from Proposition 5.13. (]

Proposition 5.15. Let I' be a connected bichromatic graph that is locally like W(Fy). If T
has diameter 2 then I' 2 W(Fy) or I' X T'gyy.

Proof. Let x1, 22, x3, x4 be a short 4-clique. As in Proposition 5.3 let y; ;, y; ; be the long ver-
tices adjacent to both z; and x;. Assume that there is a long vertex v which is not among the
12 long vertices y; ;. Because v is not adjacent to any of the x; and since the diameter of I' is
2, we find a long vertex that connects x1 and v. Without loss of generality let this long vertex
be y1,2. This prevents yi2, y2.1, ¥3,4, Y43 from forming a long 4-clique. By Proposition 5.3
there are thus long vertices v1, v2 not among the y; ; such that y3 4, y4,3, v1, v2 form a long 4-
clique. Again, v; is not adjacent to any of the x; and hence is connected to x; by a long
vertex. This is a contradiction since the long vertices adjacent to z1 are the vertices y1 j, ¥ 1.
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Consequently, I' contains no further long vertices besides the 12 vertices y; ;. The same rea-
soning reveals that I' contains exactly 12 short vertices. We conclude that |I'| =24. According
to Proposition 5.13 this proves that I' > W(F}) or I' 2 I'ayp. O

Proposition 5.16. Let I" be a connected bichromatic graph that is locally like W (Fy). Let x;
be a short vertex of T'. If for any nonadjacent pair of long vertices y, y' € xi we have w(y,

y') =3 and for any nonadjacent pair of a short and a long vertex x,y € z1 we have we(z, y) =
1 then T 2 W(Fy) or T' 2 Tygy.

Proof. Let z1, x9, x3, x4 be the short 4-clique containing z;. As in Proposition 5.3 denote
with y; j, y;i the long vertices adjacent to both x; and x;. The long vertex y; 2 and the short
vertex x3 are nonadjacent neighbors of zj. Since p(z3, y1,2) = 1 we find two long vertices in
{x3, yl,g}L. By Proposition 5.3 the only candidates are y3 4 and y4 3. Consequently, y12, y2,1,
y3,4, Y43 form a long 4-clique. Likewise, by considering the nonadjacent pairs yi 3, x4 respec-
tively y1,4, w2 we find that y13, ¥3,1, yY2,4, y4,2 respectively yi1.4, ya,1, ¥2,3, y3,2 form a long 4-
clique.

Consider the long 4-clique 1,2, ¥2.1, ¥3,4, y4,3. It follows from Proposition 5.3 that there are 8
short neighbors of this clique besides x1, z2, x3, 4. Denote these neighbors by x5, x¢..., £12. We
may assume that

{z5, 26, y1,2, Y34}, {27, 28, 92,1, ¥4,3}, {%o,T10,Y1,2,¥4,3}, {211,212, 2,1, Y3,4}

form mixed 4-cliques. Looking at the neighborhood of y; 2 we see that x5 is not adjacent to
x10. Likewise, x5 is not adjacent to xis.

Now, consider the long vertex y;3. By assumption {y o, y173}L contains 2 short vertices
besides x1. Since these two short vertices are not adjacent we may assume them to be x5 and
xg. Likewise, y2,1 and y1,3 share two short neighbors besides x1 which we may assume to be x7
and x1;. Summarizing, y; 3 is adjacent to x5, x7, xg and x1;. Because {y 3, yg,l}L contains no
short vertex besides x1 and 3, we analogously find that y3 1 is adjacent to xg, s, x10 and x12.
Because the short neighbors of y; 3 and y31 come in adjacent pairs we deduce that x5, zs, 27,
g as well as xg, 219, 11, T12 form a short 4-clique.

In particular, we just showed that the six short neighbors of ¥ 3 are found among z1, xo, ...,
x12. The same argument applies analogously to the other y; ; and y; 1. Consider for instance
the vertex y» 4. Exploiting that y2 4 is adjacent to both y; 3 and y31, and thus shares two
short neighbors with each, we find that the six short neighbors of y24 are among the ;.
Accordingly, we conclude that any short vertex adjacent to one of the 12 long vertices of the
form y; ; is among the short vertices x1, x2, ..., 12. By reciprocity as in Proposition 5.7 we find

that all long neighbors of one of the 12 short vertices x1, x2, ..., 12 are among the y; ;. Since
all of these vertices came in 4-cliques of the same type the connectedness of I' implies that
IT'| =24. The claim follows by Proposition 5.13. O

Corollary 5.17. Let T' be a connected bichromatic graph that is locally like W (Fy). If u =3
and ps= =1 then T X W(Fy) or I' X T94. O

Proposition 5.18. Let I' be a bichromatic graph that is locally like W(Fy). If p=3 then ps=
pe=1.
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Proof. Let II be the partition of I" into 4-cliques of the same type, and let X ={xz1, x2, x3, x4}
be a short vertex of I'/II. As in Proposition 5.3 denote with y; ;, y;.; the long vertices adjacent
to both z; and x;. Recall that y; ; and y; are at distance 2 if |{i, j} N {k,l}|=1. Note that a
long vertex has six short neighbors which come in adjacent pairs. Further, because p = 3, two
long vertices at distance 2 share three short neighbors. Therefore, if y is a long vertex neigh-
bored to the adjacent pair of short vertices x, x’ and if 3’ is a long vertex at distance 2 from y
then g’ is neighbored to exactly one z, x'.

Denote with z1, 22 a pair of adjacent short vertices besides x1, x2 neighbored to y; 2. The ver-
tices y1,2 and 1,3 are at distance 2. Without loss we may therefore assume that y; 3 is adja-
cent to z1. Let 23 be the unique short vertex adjacent to 21 and y,3, and let z4 be the unique
short vertex such that z1, zo, 23, 24 form a short 4-clique. Let y be a long vertex at distance 2
from both y1 2 and y1 3. Then y is either adjacent to both z; and z4 or y is adjacent to both
z9 and z3. The vertices y1 4 and y4,1 are each long vertices at distance 2 from both ;2 and
Y1,3- Y1,4 and y4,1 are adjacent and thus share no short neighbors besides z1 and x4. Accord-
ingly, we may assume that ¥ 4 is adjacent to both z1 and 24, and that y4 1 is adjacent to both
zo and z3. The following table summarizes the situation.

y1,2 L 21, 22 y2.1-L 23,24
y1,3 1 21, 23 y3,1 L 22, 24
y1,a-Lz1,24 ya1 L 29,23

Consider the vertex yo 3. y23 has distance 2 from both ;2 and y; 3. Therefore either ys 3 L
21, Z4 Or Y23 L 29, z3. In the former case, Y23, y1,4 € {21, 24}J-. Since z; and z4 are adjacent the
vertices 2 3 and y1,4 are adjacent as well. Likewise, the latter case implies that y2 3 and y41
are adjacent. In both cases, the long vertices y2 3, ¥3,2, ¥1,4, ¥4,1 form a 4-clique.

Analogously, one shows that the vertices v; ;, yj.i, Yk,1, i,k form a 4-clique whenever the index
sets {i, 7} and {k, 1} are disjoint. The local graph at X in I'/II therefore is isomorphic to K3".
Since X was an arbitrary short vertex, and since the same argument works for long vertices,
we proved that I'/IT is locally homogeneous with A (T'/II) 2 K3* and A(T/11) = K3°. Tt fol-
lows from Proposition 5.11 that pus= pus=1. O

Corollary 5.19. Let I' be a connected bichromatic graph that is locally like W(Fy). If p =3
then T2 W(Fy) or I' & oy O

In Proposition 5.10 we associated the parameters p, ps, p¢ to a graph that is locally like
W(Fy). In light of Theorem 5.12 and Corollary 5.17 one is interested in conditions under
which ps + pe respectively p are constant. We only record the following observation here and
refer to [Str08] for more conditions.

Proposition 5.20. Let T' be locally like W(Fy) and transitive on 3-paths of the same type.
Then p is constant on pairs of short vertices as well as on pairs of long vertices.

Proof. Recall that p takes values in {1, 2, 3}. Let x1, 2 be nonadjacent short vertices at dis-
tance 2 such that y restricted to pairs of short vertices is maximal. Let y € {x1, z2}*. Con-
sider another nonadjacent pair of short vertices x{, 25 at distance 2 and let 3’ € {x1, z5}*. y
and y’ are both long whence by assumption we find an automorphism ¢ € Aut(I") such that
W(x1, y, x2) = (21, ¥/, 25) or Y(z1, y, v2) = (23, ', x1). Since {21, 25} = ({21, 22}") this
proves that g is constant on pairs of short vertices. Likewise for pairs of long vertices. O
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Remark 5.21. In Corollary 5.17 we recognized W(Fy) and I'a4p as the only connected bichro-
matic graphs that are locally like W(F}y) and for which p =3 and ps= pe=1 where u, ps, fie
are the parameters introduced in Proposition 5.10. This characterizes these two graphs as the
tightest graphs that are locally like W(F}). Furthermore, we showed in Proposition 5.18 that
there is no graph locally like W(Fy) for which u =3 and ps+ pe= 1. The next level of tight-
ness in terms of the parameters u, s, pe is therefore achieved by graphs with =2 and ps =
e = 1. In [Str08| two particularly symmetric graphs locally like W(F}) are characterized for
which p =2 and ps = pug=1. Both are graphs on 32 vertices which in view of Corollary 5.8 is
the next smallest number (after 24) of vertices for a graph that is locally like W (Fy).

6 Group theoretic applications

Let G be a group acting on a graph I'. In this section we explore how a local recognition
result for the graph I' may be turned into a group theoretical statement about G. In fact,
what we seek to do is to encode the recognition of the local structure of I' into a statement
about the local structure of GG. For a more detailed exposition we refer to the third author’s
thesis [Str08].

The following observations are stated in a slightly more general setting than needed right
away for the local recognition of the symmetric groups so that they will be of use as well when
we generalize to bichromatic graphs.

Proposition 6.1. Let G be a group, x,y € G, and I' a graph with vertices the conjugates of
and y such that {x,y}¢ C E(T).

o [fG=(Cq(x),Cq(y)) then I' is connected.
o IfG=(2% y%) and G acts on T by conjugation then the kernel of this action is Z(G).

Proof. For the first claim, suppose that G = (Cg(x), Ca(y)). Denote with A the connected
component of I' containing x and y. Let g € G such that z9 and y9 are contained in A. Let
h € Cg(z). Consequently, "9 =19 € A. Moreover,

{z,y}"o={a9,y"9}

which implies that "9 1L 29 in T. Hence y"9 is contained in A as well. The same argument
applies to h € Cg(y). By assumption, any g € G can be written as g = hy hg --- hy, with each h;
contained either in Cg(x) or Cg(y). Connectedness of I" follows by induction.

Now, assume that G = (2, y¥) and that G acts on I by conjugation. Clearly, Z(G) is con-
tained in the kernel of the action. On the other hand, let g € G be an element acting trivially.
This means that g centralizes the conjugates of x and y. But these generate G and the claim

follows. O

6.1 Recognizing symmetric groups

The following theorem provides a local characterization of the symmetric groups Sym,. It is
the paradigmatic example given in [GLS94, Theorem 27.1| to illustrate the strategy of recog-
nizing a group from local information based on centralizers of involutions. The proof given
here is based on the local recognition of Kneser graphs stated in Theorem 2.5. Actually, it is
this characterization of the symmetric groups that was a motivation for the second author to
pursue the local recognition of Kneser graphs, see [Hal87|.
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Theorem 6.2. Let n>7, and let G be a group with involutions x,y such that
o Cg(x)=(x)x J with J~Sym,,
o Ca(y)=(y) x K with K~ Sym,,
e 1 is a transposition in K,
e Yy is a transposition in J,
e JNK contains an involution z that is a transposition in both J and K.

IfG=(J,K), then G~ Sym,, ;2.

Proof. y and z are both transpositions in J and hence conjugate by an involution u € J.
Accordingly, (z,y, 2)*=(z, z,y). Likewise, z and z are conjugate by an involution v € K. We
conclude that z, y, z are all conjugate in G, and that (u,v) acts by conjugation on the set {z,
y, z} as Syms. In particular, we find w such that (y, z) = (x, y)*. Let I be the graph on the
G-conjugates of = with edges {z,y}“. Note that two vertices a,b in I' are adjacent if and only
if (a,b) = (z, y)? for some g € G. By Proposition 6.1 the graph I" is connected. The neighbors
of = are the J-conjugates of y since

rt={y%: geCqx)}={y9%: gcJ}.

By construction, {z, y, z} is a triangle of I". We claim that G is transitive on the oriented tri-
angles of I". Indeed, let (a,b,c) be an oriented triangle of I'. By edge-transitivity we find g € G
such that (a, b) = (x, y)9. Set d = z9. Because b, ¢, d are all neighbors of a they are J9-conju-
gates in JY9. Consequently, b, ¢, d are transpositions in J9 2 Sym,,. Since [b, c] =[b,d] =1 we
find h € J9 such that (b, ¢) = (b, d)*. Thus (a, b, ¢) = (a, b, d)" which shows that (a, b, ¢) is
indeed conjugate to (z, vy, z).

We observed that the neighbors of x are the J-conjugates of y which are exactly the transpo-
sitions of J. Two neighbors a, b of x are adjacent if and only if (z, a, b) is a triangle in I". By
the transitivity on triangles, this is the case if and only if we find g € G such that (z, a, b) =
(z,y,2)9 or, equivalently, if and only if we find g € J such that (a,b) =(y, 2)9. By assumption,
Y, z are commuting transpositions of J = Sym,,. But two transpositions a, b in J are conjugate
to the two commuting transpositions ¥, z if and only if they commute themselves. Since this is
the case precisely when a, b have disjoint support we see that x is isomorphic to the Kneser
graph K(n,2). By vertex-transitivity it follows that I' is locally K (n,2). Since n>7 and I is
connected Theorem 2.5 implies that I' > K (n + 2, 2).

The J-conjugates of y generate J, and likewise the K-conjugates of x generate K. The conju-
gates of x thus generate G = (J, K) and Proposition 6.1 implies that G/Z(G) acts faithfully
on I'. Note that Z(G) < Cg(z) and hence Z(G) < Z(Cg(x)) = (x). Since = ¢ Z(G) we find
that the center of G is trivial. Consequently, G identifies with a subgroup of Aut(T'). It is a
consequence of the Erdos-Ko-Rado theorem, see [EKR61|, that Aut(I') is isomorphic to
Symy,t+2. Since G acts transitively on I' the orbit-stabilizer formula finally implies that in fact
G Symn+2. O

Since the symmetric group Sym,, is a Coxeter group of type A,_1, Theorem 6.2 can be para-
phrased as a recognition result for Coxeter groups of type A,.
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Theorem 6.3. Let n>6, and let G be a group with involutions x,y such that
o Ca(x)=(x)xJwith JXW(A,),
o Co(y)=(y)x K with K=W|(A,),
e 1z is a reflection in K,
e vy is a reflection in J,
e JNK contains an involution z that is a reflection in both J and K.

IfG=(J,K), then GEZW (Api2). O

6.2 Recognizing W (Fy)

Observe that the local recognition result of W (A,) stated in Theorem 6.3 was based on the
local recognition of the corresponding Weyl graph W(A4,,). In the sequel, we wish to apply our
local recognition results for W(Fy) in a similar way to recognize the group W (Fy).

If x is a short root reflection of W (F}y) then its centralizer is (x) x W (Bs3). Note that the fact
that the centralizer is a Coxeter group itself is not surprising in view of Remark 3.2. Accord-
ingly, we take a closer look at W(Bs) in the following example. Of course, analogous state-
ments are true for W (C3) which occurs in the centralizer of a long root reflection.

Example 6.4. Recall the description of the Weyl graph W(Bs) in Example 3.4. W (Bj3) con-
tains three short root reflections 1, 2, x3 and six long root reflections y; ;, 1 <i# j <3. The
corresponding Weyl graph is

Y23 —Ys3,2
\/
/N

Y1,3 — T2 — T3 — Y1,2
\ / \ /
Y31 Y21

By definition, the order of the product z; y; i is 4 if z; and y; » do not commute or, equiva-
lently, if i € {j, k}. We therefore deduce that y; 17 = y; "* =y ; and z;%* =2, =z, In
other words, if z and y are a noncommuting short and long root reflection then y* is the
unique long root reflection commuting with y and z¥ is the unique short root reflection
besides  not commuting with y. Consider two nonadjacent long vertices, say yi2 and y1 3.
Then (y1,2 y173)3 =1, and we deduce that y; 2" = y; 3¥"? does not commute with y; 2 or y; 3.
Hence y;,2”"? equals either ys 3 or y3 .

Let W(Bs) act on W(B3) by conjugation. The above considerations show that the product
x1 x2 x3 acts trivially. On the other hand, we observe that W (Bj3) acts transitively on ordered
pairs of nonadjacent vertices of the same type.

Before attempting to recognize a group G as the Coxeter group W (Fy) we present conditions
under which we can construct a graph from G that is locally like W(F}).
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Proposition 6.5. Let G be a group with nonconjugate involutions x,y such that
o Cg(zr)=(r)xJ with JZW(Bs),
o Ca(y)=(y) x K with K~W(C3),
o 1z (respectively y) is a short (respectively long) root reflection in K (respectively J),

e JNK contains involutions x*, y* where u,v € G such that " (respectively y*) is a short
(respectively long) root reflection in K as well as in J, and

o JNJ" (respectively K N K") contains an involution that is a short (respectively long)
root reflection in both J and J" (respectively K and K").

Let T be the bichromatic graph with short vertices the conjugates of x and with long vertices
the conjugates of y, and edges

B(T)={z,z"}°U{y, y"} U {z,y}%.

Then T is locally like \W(Fy). Furthermore, if G=(J,K) then T is connected.

Proof. Set x1 = 2" and y; = y*. Further, let xy (respectively y2) be the involution that is a
short (respectively long) root reflection in both J and J* (respectively K and KV). We have
x1, T2, Y, y1 € J = W(B3) where x; is a short root reflection, and y, y1 two commuting long
root reflections. Exploiting that z; commutes with both y and y;, it follows from Example 6.4
that y; = y*2. Likewise, x1 = 2¥%2.

Let I'" be the bichromatic graph with short vertices the conjugates of x and with long vertices
the conjugates of y, and edges

ET)={z, 21} U{y, nn}9U{z, y}°.

Note that two short (respectively two long, respectively one short and one long) vertices a, b
are adjacent in I' if and only if (a,b) = (z, x1)9 (respectively (a, b) = (y, y1)Y, respectively (a,
b) = (z,y)9) for some g € G. It follows from Proposition 6.1 that I" is connected if G=(J, K ).
The long neighbors of x are the J-conjugates of y since

vt ={y% geCuz)}={y9%: geJ}.

Likewise the short neighbors of x are the J-conjugates of z;. In other words, the long (respec-
tively short) neighbors of z are the long (respectively short) root reflections of J~ W (Bs). By
assumption, x 1 o, 1 L x9 and likewise y L y2, y1 L y2 in I". Since (z, y)*2¥2 = (x, y1)¥2 = (=1,
y1), the vertices 1 and y; are adjacent as well.

In particular, (z, z1, z2), (x, x1, y), (z, v, Y1), (Y, y1, y2) are ordered triangles of I". We claim
that G acts transitively on oriented triangles of the same type. Indeed, let (a, b, ¢) be an ori-
ented triangle of I' where a, b, ¢ are short vertices. Let g € G such that (a,b) = (z,21)9 and set
d=x29. The vertices b, ¢, d are short neighbors of a, and hence short root reflections in J9. By
Example 6.4, we find h € J9 such that (b, ¢) = (b, d)". Therefore (a, b, c) = (z, x1, 2)9". Now,
let (a, b, c) be an oriented triangle of I" where a is a short and b, ¢ are long vertices. Let g € G
such that (a, b) = (x, y)9. Set d = y19. b, ¢, d are long neighbors of a, and therefore long root
reflections of J9. By assumption, b commutes with ¢ as well with d. Consequently, ¢ = d, see
Example 6.4. Thus (a,b,c) = (z,y, y1)?. Analogously for triangles of the other types.
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We observed that the long (respectively short) neighbors of x are the long (respectively short)
root reflections of J. Two long neighbors a, b of x are adjacent if and only if (x, a, b) is a tri-
angle in I'. By transitivity on oriented triangles of the same type, this is the case if and only if
we find g € G such that (x,a,b) = (z, y, y1)9, or, equivalently, if and only if we find g € J such
that (a, b) = (y, y1)9. Two long root reflections a, b € J are conjugate to the two commuting
long root reflections y, y; if and only if they commute themselves. Thus the long induced sub-
graph of 2 is isomorphic to the long induced subgraph of W(Bj3). Likewise, let a be a short
and b a long neighbor of z. Again, a and b are adjacent if and only if (z, a, b) is a triangle
which is equivalent to finding g € J such that (a,b) = (21, y)?. By Example 6.4, this is the case
if and only if a and b commute. Finally, let a, b be two short neighbors of x. By Example 6.4,
we always find g € J such that (a,b) = (z1,z2)9. Hence, a and b are adjacent. Since I" was con-
structed to be transitive on short vertices this completes the proof that I' has short local
graph W(Bs). Likewise, we find that the long local graph of I" is W(C3). O

Since W(F}) is not locally recognizable, compare Theorem 5.12, we need to add additional
assumptions to those given in Proposition 6.5 to deduce that the graph I' defined in Proposi-
tion 6.5 is not only locally like W(F}) but actually is isomorphic to either W(F}y) or T'agp. In
both cases we are then able to deduce that G is isomorphic to the Weyl group W (Fy).

Theorem 6.6. Let G be a group with nonconjugate involutions x,y such that
o Cg(x)=(r)xJ with JZW(Bs),
o Ca(y)=(y) x K with K~W(C3),
e 1z (respectively y) is a short (respectively long) root reflection in K (respectively J),

e J N K contains involutions x1, y1 such that x1 (respectively y1) is a short (respectively
long) root reflection in K as well as in J, and

e there are a long root reflection yo# y, y1 in J and a short root reflection xo+# x,x1 in K
such that xo and yo commute.

IfG=(J,K) then G=W(F}).

Proof. Observe that yg does not commute with x; and that xy does not commute with ;.
Set x9 = 1% as well as ya = y1%0. Consequently, xo # z is a short root reflection in J, and
y2 # y1 is a long root reflection in K. Summarizing, the elements x;, x5 are short root reflec-
tions in J =~ W(Bs) and y, yi1, yo are long root reflections in J. Likewise, yi1, y2 are long root
reflections in K & W(C3) and x, x1, x¢ are short root reflections in J. Accordingly, the Weyl
graphs of J and K are as follows.

Yy—u1 r—21=I1

\ / \/
VAN VAN
\VARRY, \VARRY,

Using Example 6.4, it follows that z1 = z¥2 and 3 = y¥2. Moreover, (zg z1)® = 1 or, equiva-
lently, x¢*t = x1%°, and likewise ¥ = y1%°. Using that x and yg commute, and that

(1, 1yo)TOYLTOYO = (T2Y0, 4y YOTOYO) — (51¥0, 41 70) = (2, y2),
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we infer that x5 and y2 commute as well. Consequently, y2 = 3272 is a long root reflection in
both K and K®*2. Analogously, z2 is a short root reflection in both J and J¥%2. The assump-
tions of Proposition 6.5 are therefore fulfilled. Hence the graph I' as defined in Proposition 6.5
is connected and locally like W(F}).

Recall that © =x1P0Y1%0, ¢y =% %1% and x¢®t = x1%0, yo¥' = y1%°. Therefore,
(Z‘o, yo)m Y120 Yo — (xlxo Y10 Yo, ylyo 1 Y0 960) — (xy()’ yl“o) — (x7 y)

which shows that xp and yo are adjacent in I'. Notice, for instance using Example 6.4, that
Yo*1 ¥ is a long root reflection of J not commuting with y and yo. By assumption, z and g
are adjacent. Since

(.%'0, y0$1 yl)xl Y120 Yo — (.’B, yo)’

the vertices zp and y§'“! are adjacent as well. We therefore have the following induced sub-

graph.
Yy \yo y0y1 Z1

Accordingly, p(x, z9) =3 where p is as introduced in Proposition 5.10. Likewise, we find pu(y,

o

N

X

yo) = 3. By construction, G acts transitively on vertices of the same type. Further, recall from
Example 6.4 that J & W (Bs) acts transitively on ordered pairs of nonadjacent vertices of the

1

same type contained in x—. Therefore G acts transitively on oriented 3-paths of the same

type.

It follows from Proposition 5.20 that p = 3. Theorem 5.12 therefore applies, and I is isomor-
phic to W(Fy) or to I'ygp. In either case, Aut(I') is isomorphic to W (Fy)/Z.

Note that J is generated by x1, y1, Yo, and likewise K is generated by 1, 41, ©g. The conju-
gates of z and y therefore generate G = (J, K) and Proposition 6.1 implies that G/Z(G) acts
faithfully on I'. Z(G) < Cg(z) and hence Z(G) < Z(Cg(z)) = (z) x Z(J). Since x ¢ Z(G) we
find that |Z(G)| <|Z(J)| =2. While the stabilizer of a vertex in Aut(I') has order 48, the sta-
bilizer in G has order 96. We therefore conclude that |Z(G)| = 2. Since G/Z(G) acts transi-
tively on I', the orbit-stabilizer formula implies that G/Z(G) is isomorphic to Aut(I'). Thus
G/Z(G)X W (Fy)/Z. With |G| =1152 in mind, the subsequent remark shows that in fact G &
W (Ey). 0

Remark 6.7. There is a another approach, suggested to us by Hendrik Van Maldeghem, to
proving Theorem 6.6 which does not rely on our previous graph-theoretical recognition results.
Suppose that the assumptions of Theorem 6.6 are satisfied. By finding appropriate generators
and relations for G we will prove that G is a quotient of W (Fy). Recall from the proof of The-
orem 6.6 that J is generated by x1, y1, yo, and likewise K is generated by z1, y1, xo. Accord-

ingly,
J= (1,90, y1: 1 =vy3=vi=(z190)* = (o 1)’ = (y121)?),
and

K = (y1,20,71: yi=23=21= (y120)* = (v071)% = (z111)?).
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Since G = (J, K) we have G = (xo, x1, Y0, Y1), and all the above relations hold. Recall from the
proof of Theorem 6.6 that z = z1%0¥1%0 and y = y{°*'¥°. By assumption, yy commutes with z,
and xg commutes with y. Further, we assumed that xp and yy commute. Summarizing, this
accounts for the following additional relations.

(x110y1$0y0)2 = 1,
oyt = 1,
(zoyo)® = 1.

The free group generated by four elements zg, 21, yo, y1 together with these relations (actually
we can omit one of the first two) and the relations stated above for J and K is isomorphic to
W (Fy). A proof of this statement using GAP, see [GAP07|, can be found in the appendix of
[Str08].
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